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This paper is concerned with global existence of weak solutions for a weakly dissipative 
/iHS equation by using smooth approximate to initial data and Hellys theorem. 

2000 Mathematics Subject Classification: 35G25, 35L05 

Keywords: A weakly dissipative /iHS equation, weak solutions, Helly's theorem, global exis- 
tence, approximate solutions.. 

1 Introduction 

Recently, the /i-Hunter-Saxton (also called /z-Camassa-Holm) equation 

fi(u)t - u txx = -2fi(u)u x + 2u x u xx + uu xxx , 

which is originally derived and studied in |7j attracts a lot of attention. Here u(t, x) is a time- 
dependent function on the unit circle S = M/Z and n(u) = f§udx denotes its mean. The 
/i-Hunter-Saxton equation lies mid-way between the periodic Hunter-Saxton and Camassa- 
Holm equations. In [7], the authors show that if interactions of rotators and an external 
magnetic field is allowed, then the /iHS equation can be viewed as a natural generalization of 
the rotator equation. Moreover, the /iHS equation describes the geodesic flow on T> S (E>) with 
the right-invariant metric given at the identity by the inner product |7J 

(u,v) = fi(u)fi(v) + / u x v x dx. 

In [TIE], the authors showed that the /iHS equation admits both periodic one-peakon solution 
and the multi-peakons. Moreover, in [3j[5], the authors also discussed the /iHS equation. 

In general, it is difficult to avoid energy dissipation mechanisms in a real world. So, it is 
reasonable to study the model with energy dissipation. In [3] and [13], the authors discussed 
the energy dissipative KdV equation from different aspects. Weakly dissipative CH equation 
and weakly dissipative DP equation have been studied in [151 E] an d [11 El [161 H] respectively. 
Recently, some results for a weakly dissipative /iDP equation are proved in [S]. It is worthy 
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to note that the local well-posedness result in [8] is obtained by using a method based on a 
geometric argument. 

In this paper, we will discuss global existence of weak solutions of the following weakly 
dissipative /iHS equation: 

Vt + uy x + 2u x y + Ay = 0, t > 0, x G R, 
y = n(u)-u xx , t > 0, x G R, 

«(0, x) = tio(x), x G R, 

u(i,x + 1) = u(t,x), t>0,xGR, 
or in the equivalent form: 

fi(u) t - u txx + 2fi(u)u x - 2u x u xx - uu xxx + X(n(u) - u xx ) = 0, t > 0, x € R, 
< u(0,x) = u (x), xGR, (1.2) 

u(t,x + 1) = u(i,z), i>0,xGR. 

Here the constant A is assumed to be positive and the term Ay = \(/j,(u) — u xx ) models 
energy dissipation. The Cauchy problem of (1.1) has been discussed in [10] recently. The 
authors established the local well-posedness, derived the precise blow-up scenario for Eq.(l.l) 
and proved that Eq.(l.l) has global strong solutions and also finite time blow-up solutions. 
However, the existence of global weak solutions to Eq.(l.l) has not been studied yet. The aim 
of this paper is to present a global existence result of weak solutions to Eq.(l.l). 

Throughout the paper, we denote by * the convolution. Let || • \\z denote the norm of 
Banach space Z and let (•,•) denote the H 1 ^), #-*(§) duality bracket. Let M(§) be the 
space of Radon measures on § with bounded total variation and M + (S) (M~(§)) be the subset 
of M(S) with positive (negative) measures. Finally, we write BV(§) for the space of functions 
with bounded variation, V(/) being the total variation of / £ 5V(S). 

Before giving the precise statement of the main result, we first introduce the definition of 
weak solution to the problem (1.2). 

Definition 1.1 A function u(t,x) £ C(R + x S) n L°°(R + ; i? 1 (§)) is said to be an admissible 
global weak solution to (1.2) if u satisfies the equations in (1.2) and z(t,-) — >• Zq as t — > + in 
the sense of distributions on R + x R. Moreover, 

fi(u) = fi(u )e~ xt and \\u x (t, -)||z^(S) = e ' Xt \\ u o,x\\^(s)- 

The main result of this paper can be stated as follows: 

Theorem 1.1 Let u £ iI 1 (S). Assume that y = (n(u ) ~ u Q tXX ) S M (S), then the equation 
(1.2) has an admissible global weak solution in the sense of Definition 1.1. Moreover, 

u e L^ C (R + ; ^^(S)) n Hl c (R + x S). 
Furthermore, y = (fJ-(u) — u xx (t, •)) G M + (§>) for a.e. t G R + is uniformly bounded on S. 

Remark 1.1 If y = (yu(u ) — u o,xx) G M (S), then the conclusions in Theorem 1.1 also hold 
with y = (fj,(u) - u xx (t,-)) G M~(S). 

The paper is organized as follows. In Section 2, we recall some useful lemmas and derive 
some priori estimates on global strong solutions to (1.2). In Section 3, we obtain the global 
existence of approximate solutions to (1.2) with smooth approximate initial data. In Section 
4, using Hellys theorem, we prove the existence of global weak solutions to (1.2). Moreover, 
complete the proof of Theorem 1.1. 
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2 Preliminaries 



On one hand, with y = fJ,(u) — u xx , the first equation in (1.2) takes the form of a quasi-linear 
evolution equation of hyperbolic type: 



u t + uu x = —d x A 1 (2fi(u)u + -u 2 ) - Xu, 



(2.1) 



where A = /i — d 2 is an isomorphism between H s and H s 2 with the inverse v = A 1 w given 
explicitly by [TJ E] 



v(x) = (y - | + ^|)/i(«0 + (x - i) 



1 /•« 



w(s)dsdy 



x ry 



JO 



w(s)dsdy + 



o Vo Jo 



o Jo 
w(r)drdsdy. 



Since A 1 and 9 X commute, the following identities hold 



A 1 d x w(x) = (x — -) / w(x)dx — I w(y)dy + 



1 /•£ 



o Jo 



w(y)dydx, 



and 



A ^^(x) = —w(x) + / w(x)dx. 



(2.2) 



On the other hand, integrating both sides of the first equation in (1.2) with respect to x on S, 
we obtain 

-a(u) = -A/i(n), 



it follows that 
where 



/u(n) = f*(uo)e At := ^ e M , 



-\t 



(2.3) 



/i := (Jl{uq) = I u (x)dx. 
J§ 

Combining (2.1) and (2.3), the equation (1.2) can be rewrite as 



ut + uu x = —d x A~ 1 (2fi( j e~ xt u + \u 2 x ) — Xu, t > 0, x G 
it(0, x) = no(x), i£K, 
u(t, x + 1) = u(i, x), i > 0, x G I 



(2.4) 



If we rewrite the inverse of the operator A = // — d x in terms of a Green's function, we find 
(A~ 1 m)(x) = Jq g(x — x )m(x )dx = (g * ra)(x). So, we get another equivalent form: 



ut + uu x = —d x g * (2ptQe~ xt u + \u 2 x ) — Xu, t > 0, x G R, 

u(0, x) = uo(x), x G R, 

u(t, x + 1) = x), t > 0, x G R. 



(2.5) 



where the Green's function g(x) is given [S] by 



1 13 

S'(x) = -jx(x - 1) + — for x G [0, 1) ~ S, 



(2.6) 
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and is extended periodically to the real line. In other words, 

, /. (X — X) 2 \X — X\ 13 / r > _ 

g(x-x) = - L H , x, x G 0, 1) ~ §. 

) 2 2 12 

In particular, \i{g) = 1. 

Given uo G H s with s > |, Theorem 2.2 in [10] ensures the existence of a maximal T > 
and a solution u to (1.2) such that 

u = u(; u ) G C([0, T); H"(S)) D C^QO, T); ^(S)). 

Consider now the following initial value problem 

| q t = u(t,q), t G [0, T), 
[ <?(0,x) = x, iGR. 

Lemma 2.1 JiOJ / Lei uq G -fP wt/i s > |, T > be the maximal existence time. Then Eq.(2.7) 
has a unique solution q G C 1 ([0,T) x R;R) and the map q(t, •) is an increasing diffeomorphism 
ofR with 



Qx(t,x) = exp u x (s,q(s,x))ds J > 0, (i, x) G [0,T) x R. 

Moreover, with y = fx(u) — u xx , we have 

y(t,q(t,x))ql = y (x)e~ Xt . 

Lemma 2.2 Ifyo = fJ-o—uo,xx £ does not change sign, then the corresponding solution u 

to (2.5) of the initial value uq exists globally in time, that is u G C(M + , if 3 (S))nC 1 (R + , i/ 2 (S)). 
Moreover, the following properties hold: 

(1) n{u) = Moe~ At , t€[0,oo), 

(2) |K ||^a( S) = e _2A Vi, t G [0,oo), wztt /^i = (J s u^dx) * , 

(s; ||«(t,.)IU«.(s) < KI + ^Mi, 

(^J y(t,x), u(t,x) have the same sign with yo(x), and |KII.l°°(]r+xS) — Ia*o| ? 
(5) |/xo|e~ A * = ||y ||Li(§)e" A * = \\y(t, -)IUi(S) = H u (*> Olli^CS)- 

Proof Except for (4) and (5), all of the conclusions in Lemma 2 can be found in [10J. So 
we only need to prove (4) and (5) here. Firstly, Lemma 2.1 and u = g * y, g > imply 
y(t,x), u(t,x) have the same sign with yo(x). Moreover, from the proof of Theorem 5.1 in 
[TO] , we have u x (t,x) > — |W)|- Now note that given t G [0, T), there is a £(t) G 8 such that 
u x (t,£(t)) = by the periodicity of u to x-variable. If yo > 0, then y > 0. For x G [£(i), £(i) + l], 
we have 



rx rx rx 

x (t,x) = / d x u(t,x)dx= / — y)dx = fi(u)(x — £(t)) — / ydx 

Je® ' Jew ' J&) 

< fi(u)(x - £(*)) < \hq\. 



It follows that u x (t,x) < \/J-o\- On the other hand, if yo < 0, then y < 0. Therefore, for 
x G + 1], we have 

Ua;(t, x) = / d 2 u(t,x)dx= / (fi(u) — y)dx < fi(u)(x — ^(t)) — / ydx 
./£(t) ./£(t) 

= /u(n)(x - - / (ji(u) - u xx )dx = fi(u)(x - £(t) - 1) < K|. 
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It follows that u x (t,x) < \no\- So we have ||ita:||i°°(K+xS) — ImoI, this complete the proof of (4). 
By the first equation of (1.1), we have 



y(t,x)dx = ( / yo(x)dx)e = fxoe 

If 2/o > 0, then y > and fiQ > 0, we have 

= / V& x ) dx = ( / yo(x)dx)e~ xt = ||2/o||Li(s)e~ A * = Moe" A *. 
Js Js 

If 2/0 < 0, then y < and //q < 0, we have 

II2/IIli(S) = - / y(t,x)dx = ( / (-y (x))dx)e~ xt = 1 1 2/o 1 1 z,i (s) e~ A * = -^e" xt . 
Js Js 

Combining this two equalities above, we have \fio\e~ xt = ||yo||ii(S) e = l|y(*> ") Hi, 1 (s) - A 
similar discuss implies \\y(t, •)||l 1 (s) = \\ u (t> OIU 1 ^)- This complete the proof of (5). □ 

Lemma 2.3 ( H4V Assume X C B C Y with compact imbedding X — > B (X,B and Y are 
Banach spaces), 1 < p < oo and (1) F is bounded in L p (0, T; X), (2) ||t/j/ — f\\LP(0,T-h;Y) ~~ ^ 
as h — > uniformly for f G F. Then F is relatively compact in LP(fd,T\B) (and in C(0,T;B) 
if p = oo), where (r/ l /)(t) = f(t + h) for h > 0, if f is defined on [0, T], then the translated 
function T^f is defined on [—h,T — h\. 

Lemma 2.4 (Nelly's theorem ffflj ) Let an infinite family of function F = f{x) be defined on 
the segment [a, b]. If all functions of the family and the total variation of all functions of the 

b 

family are bounded by a single number \f(x)\ < K, V(/) — K> then there exists a sequence 

a 

f n {x) in the family F which converges at very point of [a,b] to some function <p(x) of finite 
variation. 

Lemma 2.5 (JTT}) Let T > 0. If f,g G L 2 ((0, T); H l (R)) and %,% €. L 2 ((0, T); H~ 1 (R)), 
then f,g are a.e. equal to a function continuous from [0, T] into L 2 (R) and 

</«,«(*» - (/(.).«(•)) - 1 * + 1 (^./m) * 

for all s,te [0,T]. 



3 Global approximate solutions 

In the section, we will prove the existence of global approximate solutions and give some useful 
estimates to the approximate solutions. Now we consider the approximate equation of (2.5) as 
follows: 

< + u n < = -d x g * (2^e- xt u n + ±«) 2 ) - Xu n , t > 0, x G R, 
< u n (0,x) = v%(x), xGR, (3.1) 

u n (t, x + 1) = u n (t, x), t > 0, x G R, 
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where Uq(x) = cf) n *uo G H°°(S>) for n > 1 and /Xq = J g tio(x)dx. Here {</> n }n>i are the mollifiers 



6 n (x) := (jUm) 



ncf)(nx), x£R, n > 1, 



where 4> <E C' t 



is defined by 



l/(x 2 -l) 



|x| < 1, 
Ixl > 1. 



Obviously, H^nllx, 1 ^) = 1- Clearly, we have 



no in as n — > oo 



and 



IKIU 2 (S) < II«o||l2(S). H«0,xlU a (S) < IKJz^S) 

IKIIh^s) - H U o||//i(§), IKIUi(S) < ll«olUi(S) 
in view of Young's inequality. Note that 

= M(«o) = / Uo{x)dx -- 



(3.2) 
(3.3) 



= / 

JR 

-J 

JR 



4>n(y)u (x - y)dydx = I I (f) n (y)u (x - y)dxdy 
: JR J§ 

4>n(y) ■ ( / u (x - y)dx I dy 
\J§ J 

i{y) ■ (yj s u °^ dz ^j dy 

(t>n{y)^{uo){x - y)dy 

=4> n * H(u ) = fl(u ) = HQ. 

We can rewrite (3.1) as follows: 

< + u n u n x = -d x g * (2n e- xt u n + |«) 2 ) - \u n , t > 0, x G R, 
< u n (0,x) = u T l (x), x G M, (3.4) 

u n (t, x + 1) = n"(t, x), t > 0, x G R. 

Moreover, for all n > 1, j/q = /u(uq) — = A*o — ^o xx £ H 1 ^) and 

^0 = /x(Uq) - Uo jXX = 0n * A*(«o) - 0n * ^0,xx = </>n * yo > 0. 

Thus, by Lemma 2.2, we obtain the corresponding solution u n G C(R + ; H 3 (S))nC 1 (R + ; H 2 (E>)) 
to Eq.(3.4) with initial data <(x) and y n = /i(u n ) - < x > 0, u n = g * y n > for all 
(t,x) G M + x S). Furthermore, combining Lemma 2.2 and (3.3), we have: 

fi(u n ) = ^e~ xt = v e- X \ t G [0, oo), 

\\<\\h(§) = e~ 2Xt \KJh( S ) < ll«o,xllia( S ) = A*i, * € [0,oo), 



(3.5) 
(3.6) 

K(t, -)IU-(S) < |A*ol + -g-K,«||L»(S) < lA*o| + -g-||«o,x||La(s) = lA*o| + -g-Mi, (3.7) 



II u SIIl°°(m+xs) < ImoI — Imo|, 

lMo|e- At = ||^(i,-)||Li( S ) = l|n n (t,-)llL 1(S ) 



(3.8) 
(3.9) 
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4 Proof of Theorem 1.1 



In this section, with the basic energy estimate in Section 3, we are ready to obtain the nec- 
essary compactness of the approximate solutions u n (t,x). Acquiring the precompactness of 
approximate solutions, we prove the existence of the global weak solutions to the equation 
(1.1). 

Lemma 4.1 For any fixed T > 0, there exist a subsequence {u nk (t,x)} of the sequence {u n (t,x)} 
and some function u{t,x) G L°°(1R + ; H l (E>)) n i^ 1 ([0, T] x §) such that 



u nk ^u in ^([O.T] x S) as n k -»• oo,VT > 0, 



and 



u nk ^u in L°°([0,T]xS) as n k -»• oo. 
Moreover, u(t,x) G C(M+ x S). 



(4.1) 
(4.2) 



Proof Firstly, we will prove that the sequence {« n (i, a;)} is uniformly bounded in the space 
^([0,7] x §). By (3.6)-(3.7), we have 



\ u Hl 2 ([o,t]x§) 



£ J{u n fdxdt = £ \\u n \\ 2 L2(s) dx < (Vol + T (4.3) 



10 Js 

.\ u 'x\\l 2 ([o,t]xS) = J Jj,u™) 2 dxdt = J \\ u x\\\ 2 (§)dx < lA.T 
Moreover, by (3.7)-(3.8), we obtain 



.mi2 



\u u' 



I / II nil II nil / I I I , I I 

Il 2 ([o,t]x§) S \\u ||l 2 ([o,t]x§)II' u :e IIl° o ([o,t]xS) S I iMol + ~^~Mi I I Mo 



(4.4) 



(4.5) 



|d x5 * (2 Mo e~ A *« n + -«) 2 )|| L2([0iT]x§) 



< H^5'llL 2 ([o,T]xS)ll 2 Moe A *^ n + ^(^") 2 ||li([o,t]x§) 



< 



t r T r 

12 io /s 



2|MolK| + ^«) 2 ) dxdi 



< 



12 



2 /i i \ 9 2 

Mo + Ool + -t-A*i) +Mi 



(4.6) 



Combining (4.3), (4.5)-(4.6) with Eq.(3.4), we know that {uf(t,x)} is uniformly bounded in 
L 2 ([0,T] x S). Thus, (4.3), (4.4) and this conclusion imply that 



r i {(u n f + «) 2 + w?)dxdt < k, 

Jo Js 



where K = K{\[1q\, fii, T, A) > 0. It follows that {u n (t,x)} is uniformly bounded in the space 
^([0,^ x S). Thus (4.1) holds for some u G H l {{Q,T] x S). 
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Observe that, for each < s, t < T, 

\\u n (t, •) - u n (s, -)||1 2(§) = J {J* ^(r, *)dr) 2 ^ < \t - s\ £ J(v?) 2 dxdt. 

Note that {u n (t, x)} is uniformly bounded in L°°([0,T]; i? 1 (S)), x)} is uniformly bounded 

in L 2 ([0,T] x S) and #*(§) CC C(S) C L°°(S) C L 2 (S), then (4.2) and u(t,x) G C(M+ x S) is 
consequence of Lemma 2.3. □ 

Consequently, we will deal with d x g * (2/x e _At u" + 5«) 2 ). By (3.5), (3.7)-(3.9), we have 
that for fixed t G [0, T] the sequence n™ fe (t, •) G 5V(S) satisfies 

V(t#(t,-)) = M(V)llLi(S) = IK^-^IIl^) < llMK fe )|| Ll(§ ) + ||^|lL 1(S ) < 2|mI + ^i 
and 

a/3 

-)IU~(s) < Ia*oI < %o| + ^-mi- 

Applying Lemma 2.4, we obtain that there exists a subsequence, denoted again {u x k (t, •)}, 
which converges at every point to some function v(t,x) of finite variation with Y(v(t, ■)) < 

%o| + i?W Since for almost all t € [0,T], < fc (V) ->«*(*,■) in ^(S) 

in view of Lemma 4.1, 

it follows that v(t, •) = u x (t, •) for a.e.t G [0, T]. So we have 

■u™ fe (t, •) — >■ •) a.e. on [0, T] x S, for n k ->• oo, (4.7) 
and for a.e. i G [0,T], 

\/3 

VK(«, •)) = ||«xx(t, -)IIm(S) < 2|/io| + yft. (4.8) 



Therefor, 



c <? * (2 M e~ A *n nfc + ^« fc ) 2 ) - x s * (2 M e" A( « + ^K) 2 )|| l ~>( [0 ,t]xS) 

1 

2 ( 



< ll^<7||Li([o,T]x§)l|2^oe- At K fe - u) + -« fc ) 2 - K) 2 ))||l-([o,t]xS) 



T ( 1 

< J ( 2 l/^o||k nfe - u||x,oo([ 0j T]xS) + 2ll U " k +^IU° c ([0,T]xS)IK fe - Ux\\l°°([0,T]xS) 

Combining this inequality with (4.2), (4.7) and note that 

\\v>x(t, -)IU°°(S) < lim IK*(*>-)||l°°(S) < lMo|, 

we have 

d x g * (2fi e- xt u n * + ^« fc ) 2 ) -> d x g * {2^e~ xt u + ^u 2 ) (4.9) 

a.e. on [0, T] x S. The relations (4.2), (4.7) and (4.9) imply that u satisfies Eq.(2.5) in V'([0, T] x 
§). Moreover, since 

\/3 

IK*, -)IU°°(S) < lim IK fc (V)llL°°(s) < |a»o| + -7-A»i) 
we have u G L^ C (M + , VF 1,00 (S)) in view of T in (4.2) and (4.7) being arbitrary. 
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Now, we prove that (jl(u) = n{u )e xt , ||«x||£2(s) = e 2Xt \\uo t x\\ 2 L 2^ and (p(u) -u xx (t,-)) 
M + (§) is uniformly bounded on S. 
On one hand, by (4.2), we have 



u nk (t,x)dx — > / u{t,x)dx = n{u) as — > oo. 



On the other hand, 

-At 



/ u Hk (t,x)dx = fi(u Hk ) = 
Js 



Obviously, /J,(u) = /j,(uo)e xt by the uniqueness of limit. 
By u satisfies (2.5) in the sense of distribution, we have 

<j) n * U t + 4> n * (UU X ) = -<f) n * (d x g * (2fl(u)u + ^«s)^ ~ >»4>n * U. (4-10) 

Differentiating (4.10) with respect to x, we have 

{4>n * Ux)t + 4>n* (UU XX ) = -<j) n * ^2(fl(u)) 2 + ^/i(^) - 2fJ,(u)u + ^U x ^j - \<j) n * U x , 

here we used the formula (2.2). Multiplying the equality above with <\> n * u x and integrating 
the result with respect to x on §, we obtain 



ld_ 

2dt 



Note that 



A*.. +/(*..«.)(*..(«-))* 

./:: Js 

I {<t>n * u x )((f> n * (2(fi(u)) 2 + -fi{ul) - 2fi(u)u + -u 2 x ))dx - A I (<p n * u x ) 2 dx. 
Js - - ./:: 

/ (4>n * u x )(<f> n * (2( / u(n)) 2 + \n(u 2 x ))dx = 
Js 2 

/ {4>n * u x ){4> n * (-2(j,(u)u))dx = -2/j,(u) / {4> n * u x ){<p n * u)dx = 
Js Js 



and 

we have 

± /<*..«.)•* + » f(^u^ = -2 h^ Mu ,(uu^- h^uM^. 
at Js Js Js Js 

fn(t) = {(f>n* U x ) 2 dx, 

Js 

*W - -2 /<*.. «.)(*.. <«,»))*-/<*.. «,)(*.. ^, 

./:: ./:: 



then we obtain for a.e. t € M + , 

4fn(*) 



+ 2A/ n (t) = (/„(*). (4.11) 
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Applying Lemma 2.5 to <f> n *u x , it follows from (4.11) that 



/»(*) - e- 2Xt f n (0) = I e 



^-^g n {s)ds. 



(4.12) 



Jo 



Since g n {t) — > as n — > oo for a.e. t G M + , we have for any T > 0, there exists a constant 
K(T) > 0, such that |<JVi(i)| < K(T), t G [0,T], n > 1. An application of Lebesgue's dominated 
convergence theorem to (4.12), we obtain 



Note that L x (§) C M(S). By (4.8) and fi(u) = fi e~ , we have 

a/3 

\\fi(u) - U xx (t, -)Hm(S) < ||At(w)|Ui(8) + l|«assc(*) -)IU(S) < 3|/i | + -g - /*!- 

It follows that for all t G M + , (//(tt) — u xx (t, •)) G M(S) is uniformly bounded on §. For any 
fixed T > 0, in view of (4.2) and (4.7), we have for all t £ [0, T], 

[fj,{u Uk ) - <*(i, •)] -> \p(u) ~ u xx (t, •)] in P'(S) for n -> oo. 

Since /x(u nfc ) - <*(t,-) = y nk (t,-) > for all (t,x) G M+ x S, we have - u^(t, •)) G 

L-(M+,M+(S)). 

Acknowledgments This work was partially supported by NNSFC (No. 10971235), RFDP 
(No. 200805580014), NCET (No. 08-0579) and the key project of Sun Yat-sen University. 

References 

[1] J. Escher, M. Kohlmann and B. Kolev, Geometric aspects of the periodic fjDP equation, 2010. 
URI ]http://arxiv.org/abs/1004.0978vl| 

[2] J. Escher, S. Wu, and Z. Yin, Global existence and blow-up phenomena for a weakly dissipative 
Degasperis-Procesi equation. Discrete Contin. Dyn. Syst. Ser. B, 12, no. 3, (2009), 633-645. 

[3] Y. Fu, Y. Liu and C. Qu, On the blow up structure for the generalized periodic Camassa-Holm 
and Degasperis-Procesi equations. larXiv:T 009.2466. 

[4] J. M. Ghidaglia, Weakly damped forced Korteweg-de Vries equations behave as finite dimensional 
dynamical system in the long time, J. Differential Equations, 74, (1988), 369-390. 

[5] G. Gui, Y. Liu and M. Zhu, On the wave-breaking phenomena and global existence for the gener- 
alized periodic Camassa-Holm equation, arXiv:1107.3191v2. 

[6] Y. Guo, S. Lai, and Y. Wang, Global weak solutions to the weakly dissipative Degasperis-Procesi 
equation, Nonlinear Ana., 74, (2011), 4961-4973. 

[7] B. Khesin, J. Lenells and G. Misiolek, Generalized Hunter-Saxton equation and the geometry of 
the group of circle diffeomorphisms, Math. Ann., 342 (2008), 617-656. 

[8] M. Kohlmann, Global existence and blow-up for a weakly diddipative fjDP equation, Nonlinear 
Ana., 74, (2011), 4746-4753. 



That is for all t G M + , we have \\u. 




10 



[9] J. Lenells, G. Misiolck and F. Tiglay, Integrable evolution equations on spaces of tensor densities 
and their peakon solutions, Commun. Math. Phys., 299 (2010), 129-161. 

[10] J. Liu and Z. Yin, On the Cauchy problem of a weakly dissipative ^HS equation, arXiv:1108.4550 

[11] J. Malek, J. Necas, M. Rokyta, M. Ruzicka, Weak and Measure- Valued Solutions to Evolutionary 
PDEs, Chapman and Hall, London, 1996. 

[12] I. P. Natanson, Theory of Functions of a Real Variable, F. Ungar Publ. Co., New York, 1964. 

[13] E. Ott and R. N. Sudan, Damping of solitary waves. Phys. Fluids, 13, (1970), 1432-1434. 

[14] J. Simon, Compact sets in the space L P (Q,T;B), Ann. Mat. Pura Appi, 146(4), (1987), 65-96. 

[15] S. Wu, Global Weak Solutions for the Weakly Dissipative Camassa-Holm Equation, J. Part. Diff. 
Eq., 24 (2011), 165-179. 

[16] S. Wu and Z. Yin, Blow-up and decay of the solution of the weakly dissipative Degasperis-Procesi 
equation. SIAM J. Math. Anal, 40 no. 2, (2008), 475-490. 

[17] S. Wu and Z. Yin, Global existence and blow-up phenomena for the weakly dissipative Camassa- 
Holm equation. J. Differential Equations, 246 no. 11, (2009), 4309-4321. 

[18] Z. Yin, Blow-up phenomena and decay for the periodic Degasperis-Procesi equation with weak 
dissipation. J. Nonlinear Math. Phys., 15 (2008), 28-49. 



11 



